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Preface 

The  purpose  of  this  stu^y  was  to  investigate  the  use  of  a  split- 
path  nonlinear  (SPAN)  filter,  a  concept  developed  by  the  Douglas  Air¬ 
craft  Company,  to  compensate  various  selected  simple  control  systems 
and  compare  the  results  with  those  obtained  by  linear  compensation. 

If  favorable  results  were  obtained  with  the  SPAN  filter,  I  had  also 
planned  to  investigate  its  application  to  a  complex  control  system. 
However,  in  ny  opinion,  the  results!  obtained  with  the  simple  control 
systems  did  not  warrant  the  investigation  of  the  application  of  the 
SPAN  filter  to  a  complex  control  a;rnt«5o 

I  would  like  to  gratefully  acknowledge  the  helpful  comments  and 
suggestions  of  Professor  John  J.  £  'Azso,  ay  Faculty  Thesis  Advisor, 
Captain  Robert  R.  Rankins,  ay  Thesis  Sponsor  from  the  Air  Force  Flight 
Dynamics  Laboratory,  and  Hr.  Bernard  J.  Doody  from  the  Directorate  of 
Systems  Dynamic  Analysis,  Systems  Engineering  Group.  I  would  further 
like  to  thank  Professor  D'Aaso  for  his  thorough  review  of  the  manu¬ 
script. 

John  A.  Tondl,  Jr. 
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Abstract 

mnMMHKaMn 

l?M  of  a  spLit-path  nonlinear  (SEAN)  filter,  *  concept  of  the 
Douglas  Aircraft  Com patsy,  fbr  compensating  control  systems  is  in- 
mss'1  .  .ted  by  analog  computer  and  the  results  ere  compared  with  thos* 
obtained  with  linear  compensating  filters.  Comparisons  are  mads  of 
the  responses  of  four  systems  to  step,  ramp,  and  sinusoidal  inputs 
using  the  JTAS  (integral  of  time  multiplied  by  the  absolute  value  of 
error)  as  the  criterion  for  Judging  performance,  Ocnapena&ted  system 
©sensitivity  to  gain  variations  is  also  investigated.  Use  of  the  SPAN 
filter  as  a  compensator  shoved  little  or  no  over-all  improvement  com¬ 
pared  with  that  obtained  with  a  less  complex  linear  filter., 
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INVESTIGATION  OF  A  SPLIT-PATH  NONLINEAR  FILTER 

I.  Introduo  tion 

Statement  of  the  Problem 

The  interdependence  of  the  phase  and  gain  characteristics  of 
linear  filters  is  generally  in  conflict  with  the  desires  of  the  con¬ 
trol  engineer ,  The  concept  of  the  split-path  nonlinear  filter  as 
developed  by  the  Douglas  Aircraft  Company  is  to  provide  a  device  with 
independent  control  of  gain  and  phase  that  may  have  wide  application 
as  a  control  system  compensator.  The  Douglas  Aircraft  Company  refers 
to  this  device  as  the  SPAN  filter  and  this  notation  will  be  used 
throughout  this  report.  The  purpose  of  this  study  is  to  investigate 
the  use  of  the  SPAN  filter  for  the  compensation  of  various  control 
systems  and  to  compare  the  results  with  those  obtained  with  linear 
compensating  filters. 

Basis  for  Study 

The  basis  for  this  study  is  the  proprietary  information  contained 
in  an  unsolicited  proposal  submitted  to  the  Air  Force  by  the  Douglas 
Aircraft  Company  which  is  listed  as  reference  2.  Another  paper  written 
on  the  SPAN  filter,  which  became  available  to  the  author  after  the 
writing  of  this  manuscilpt,  is  listed  as  reference  3  • 

Background  Information 

The  concept  of  improving  the  performance  of  control  systems  by 
the  inclusion  of  nonlinear  elements  and  effects  originated  about  1950 
(Ref  iuWi6).  Since  that  time,  considerable  effort  hao  been  expended 
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la  this  aroa.  Several  types  of  nonlinear  compensators,  which  haw  in- 
proved  the  perforaanoe  of  certain  systems,  can  be  found  la  the  liter¬ 
ature.  However,  each  of  these  nonlinear  compensators  was  designed  to 
tnprove  ths  jerixrmaatiee  of  a  particular  system  whiah  oontalnsd  a  spe¬ 
cific  Bcnlinaaritgr  suoh  as  backlash,  hysteresis,  and  saturation. 

These  nonlinear  compensators  are  Halted  In  application  to  a  restricted 
nuaber  of  systems  In  that  the  advantages  achieved  with  a  partioular 
design  are  accompanied  by  certain  disadvantages  or  Hesitations. 
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II.  Theoretical  Analysis  of  the  SPAN  Filter 

Description  of  the  SPAN  Filter 

A  block  diagram  of  the  SPAN  filter  la  shown  in  Figure  1.  The 
device  processes  the  input  through  two  separate  branches  or  paths  and 
takes  the  product  of  the  two  resulting  signals.  The  concert  of  opera¬ 
tion  of  this  filter  is  that  the  branch  containing  the  bistable  element 
controls  the  phase  of  the  output  signal  and  the  branch  containing  the 
absolute  value  function  controls  the  magnitude  of  the  output  signal 
(Ref  2*3).  The  output  of  the  bistable  element  is  +1  when  its  input 
is  positive  and  -1  when  its  input  is  negative.  As  magnitude  aid  phase 
n re  controlled  in  separate  branches,  independence  of  these  two  char¬ 
acteristics  should  result  to  at  least  some  degree.  This  would  be  ad¬ 
vantageous  compared  with  linear  f liters:  since  the  magni  tude  attenuation 


FIGURE  1 

BLOCK  DIAGRAM  OF  SPAN  FILTER 
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over  a  specified  frequenc y  range  provided  fry  a  linear  lag  network  is 
also  accompanied  by  a  phase  lag  and  the  phase  lead  over  a  specified 
frequency  range  provided  by  a  linear  lead  network  is  aooonpanied  by  a 
magnitude  gain  (Ref  2t3). 

A  better  understanding  of  SPAN  filter  operation  can  be  obtained 
by  processing  a  sinusoidal  wave  through  the  filter.  Consider  a  SPAN 
filter  where  the  linear  filter  ?]_  la  a  lead  network  and  linear  filter 
Pg  is  &  unity  gain.  The  signals  throughout  the  SPAN  filter  will  have 
the  form  shown  in  Figure  2»  The  fundamental  component  of  the  output 
signal  win  lead  the  input  signal.  The  peak  amplitude  of  the  output 
signal  is  unchanged;  but  the  fundamental  component  will  be  attenuated 
slightly  because  of  harmonic  generation  (Ref  2:li,5).  Figure  3  shows 
the  signals  throughout  the  SPAN  filter  when  is  a  lead  network  and 
Fg  is  a  lag  network.  It  should  be  noted  that  the  sinusoidal  wave  la 
"chopped"  by  an  amount  equal  to  the  numerical  sum  of  the  phase  shifts 
in  both  branches. 

Analysis  of  the  Gain  and  Phase  Characteristics 

mmrnmmmm m  n  ■  imii  wit  <  ■■■  '  •  mrnm  ■ 

The  bistable  element  branch  of  the  SPAN  filter  destroys  all  mag¬ 
nitude  Information  while  maintaining  the  phase  information-  The  in¬ 
formation  from  the  absolute  value  branch*  however*  will  include  phase 
shift  as  well  as  magnitude  if  the  linear  filter  F2  Is  something  other 
than  a  unity  gain  network  (Ref  2il*.)» 

Fourier  analysis  was  used  to  analyze  the  gain  and  phase  character¬ 
istics  of  the  SPAN  filter  for  a  sinusoidal  input.  The  output  of  the 
SPAN  filter  was  expanded  la  a  Fourier  series  of  the  fora 
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FIGURE  2 

SPAN  FILTER  NAVEF0KM3  FOR  P|_  PHASE  LEAD  A  P2  UNITY 
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FIGURE  3 


SPAN  FILTER  WAVEFORMS  FOR  F-,  PHASE  LEAD  A  F2  PHASE  LAG 
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f(wt)  *  ^  Cn  ain(nwt  +  ^0)  (1) 

a  *1 

where  Gq  *nd  fiQ  are  t ha  amplitude  and  phase  of  the  harmonic  respective¬ 
ly.  The  output  of  the  SPM  filter  has  half-ware  qmstry  and  therefore 
contains  no  even  harmonics  (Ref  7x328). 

Two  configurations  of  the  SPAM  filter  were  examined.  In  the  first 
case,  was  a  lead  network  and  F2  a  unity  gain.  In  the  other  case, 

F-^  was  a  lead  network  and  F2  was  a  lag  network.  Circuit  diagrams 
ard  transfer  functions  of  the  lead  and  lag  networks  used  throughout 
this  study  are  shown  in  Figure  19,  Appendix  3.  A  detailed  discussion 
of  this  particular  Fourier  series  is  contained  in  Appendix  A  tiille 
amplitude  and  phase  data  for  several  of  the  harmonica  are  tabulated 
in  Table  1. 

It  should  be  noted  that  the  amplitude  of  each  harmonic  is  the 
same  as  long  as  the  numerical  sum  of  the  phase  shifts  in  both  branches 
has  the  seme  value.  However,  the  phase  angle  of  each  harmonic  changes 
as  different  combinations  of  lag  and  lead  networks  are  used  to  obtain 
a  given  numerical  sum  of  the  phase  shifts  in  the  two  branches.  There¬ 
fore,  obtaining  a  given  phase  shift  from  F^  alone  produces  a  larger 
phase  angle  for  the  fundamental  frequency  of  the  output  than  when  e 
given  phase  shift  is  obtained  by  use  of  filters  far  both  F^  asti  F2. 

It  is  also  important  that,  unlike  most  nonlinear  compensation  schemes, 
the  phase-gain  characteristics  of  the  SPAM  filter  are  not  amplitude 
dependent. 

The  harmonic  content  of  the  SPAN  filter  can  be  quite  large.  For 
example,  when  the  amount  of  phase  shift  from  both  Fj_  and  F^  equals 
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TABLE  Z 

HARMONIC  CONTENT  OF  SPAN  FILTER  OUTPUT 


Harmonica 


110 
130 
140 
0.16  150 
0.26  170 

0.37  -170 
0.48  -150 
0.56  -130 
0.62  -110 
0.64  -  90 


0.26  150 
0.48  -170 
0.62  -130 
0.62  -  90 


0.48 

0.62 

0.62 

0.48 

0.62 

0.62 

0.48 

0.26 

0.56 

0.11 

O.CC 


0.26 

0.28 

0.26 

0.23 

0.21 


0.23 

0.23 

0.28 

0.23 

0.23 

0.28 

0.23 
.23 
.28 
0.21 

0.26 

0.10 

0.00 


Phase 

Amp 

Phase 

123 

0.02 

137 

157 

0.06 

-176 

174 

0.09 

-152 

-169 

0.12 

-127 

-134 

0.15 

-  74 

-  98 

0.15 

-  17 

-  60 

0.14 

60 

-  17 

0.16 

130 

32 

0.19 

-151 

90 

0.21 

-  90 

-154 

0.15 

-  94 

-  80 

0.14 

40 

12 

0.19 

-171 

128 

0.19 

-  49 

-100 

0.14 

20 

-  8 

0.19 

169 

108 

0.19 

-  69 

-160 

0.14 

80 

-  28 

88 

180 

ravi 

fig 

warn 

149 
-  89 
60 

-106 

0.15 

-166 

142 

0.16 

-  14 

-  59 

0.09 

-  93 

0 

0.00 

0 

aLead  phase  shift  obtained  from  linear  filter 

^Lag  phase  shift  obtained  from  linear  filter  Fg 

°Aaiplitudes  of  harmonics  based  on  &  SPAN  filter  output 
with  a  peak  value  of  unity 

j 

uPhase  angle  of  harmonic  rounded  off  to  nearest  degree 
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9CP}  the  magnitudes  of  the  3rd*  5th,  sad  7th  harmonise  are  1.0,  0.33, 
sad  0.33  of  the  fttndem sntsl  respectively.  Also,  the  5th  harmonic  Is 
"in  phase w  with  the  fundamental.  Unless  the  plant  being  compensated 
greatly  attenuated  the  higher  order  hamcmlss,  the  control  system  out¬ 
put  could  be  quite  distorted. 

> 

Figure  U  is  a  plot  of  attenuation  of  the  fundamental  compared  to 
the  amplitude  of  the  output  signal  -versus  the  numerical  sum  of  the 
phase  shifts  in  both  branches.  A  maid  ana*  attenuation  of  3-92  db  oc¬ 
curs  at  a  phase  shift  of  9CP* 

From  the  above  analysis  one  can  conclude  that  tbs  first  harmonic 
gain  and  phase  characteristics  of  the  SPAN  filter  are  almost  Independ¬ 
ent  when  a  linear  filter  is  Included  only  in  the  bistable  element 
branch.  The  degree  of  independence  is  reduced  when  a  lag  network  is 
used  fbr  ?2  as  the  phase  shift  of  filter  V2  is  accompanied  by  a  mag¬ 
nitude  attentuation.  However,  this  degree  of  phase-gain  Independence 
is  not  without  penalty  in  that  the  SPAN  filter  output  has  a  high  har¬ 
monic  content. 

Selection  of  a  SPAN  Filter  Configuration 

In  the  previous  section,  the  SPAN  filter  was  discussed  In  two 
configurations i  (l)  F]_  a  lead  network  and  ?2  unity  gain,  and  (2) 
a  lead  network  and  Y2  a  lag  network.  Two  other  configurations  could 
be  obtained  by  reversing  the  roles  of  F^  end  F2.  If  F^  were  a  lag 
network  and  T2  were  either  a  unity  gain  or  lead  network,  the  funda¬ 
mental  of  the  output  would  lag  the  input.  This  configuration  may 
have  application  but  was  not  investigated  during  this  study.  It  was 
assumed  that  the  response  of  tbs  plants  studied  could  be  best  Improved 
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FIOURE  4 

EFFECT  OF  Fj  4  ?2  PHASE  ANGLES  OR  THE  AMPLITUDE 
OF  THE  FUNDAMENTAL  FREQUENCY  OUTPUT  OF  THE  SPAN  FILTER 
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with  the  generation  of  *  load  angle  by  the  SHUN  filter,  that  la,  by 
moving  the  180°  crossover  point  to  a  higher  frequency* 

Other  possible  configurations  using  staple  linear  lead  or  lag 
networks  could  be  obtained  by  using  two  lead  or  two  lag  networks  for 
both  *&d  Fj.  In  either  case,  no  advantage  would  be  achieved.  If 
?1  and  F2  are  the  sane  type  of  network  but  not  identical,  the  result¬ 
ing  phase  angle  of  the  fundamental,  component  of  the  SHAN  filter  output, 
will  be  leas  than  that  obtained  whan  Fj  is  a  lead  or  lag  network  and 
Fg  is  a  unity  gain*  If  Fj  and  F2  are  the  same  identical  networks,  the 
output  of  the  SPAN  filter  will  be  exactly  the  earn  as  that  obtained 
from -a  linear  compensating  filter.  This  was  verified  on  the  analog 
computer  and  no  further  investigation  was  made  on  these  two  configura¬ 
tions. 

The  SPAN  filter  with  as  a  lead  network  and  ?2  as  either  a 
unity  gain  or  lag  network  were  the  only  configurations  chosen  fbr 
analog  computer  study. 

Describing  Functions 

The  describing  function  is  a  linear  "approximately  equivalent 
transfer  function"  which  is  used  for  approximating  the  affect  of  a 
nonlinear  element  or  characteristic.  This  approximation  is  made  in 
tie  frequency  domain  by  defining  the  describing  function  in  terms  of  a 
Fourier  series  for  the  response  of  the  nonlinear  element  to  a  sinu¬ 
soidal  input.  The  definition  of  the  describing  function  requires  that 
the  4<  tern  of  a  Fourier  series  be  equal  to  aero  and  that  all  har¬ 
monics  other  than  the  fundamental  be  negligible  (Ref  9*139,11*6).  Using 
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this  notation  of  eq'iation  (l),  fha  describing  function  in  given  by 

(*) 

whore  tbs  input  to  tbs  nonlinear  component  is  A  sin  wt. 

In  Table  I  it  was  shown  that,  for  a  sinusoidal  input,  the  har¬ 
monics  in  the  output  of  the  SPAN  filter  are  not  negligible  whan,  the 
nuawrloal  sum  of  the  phase  shifts  obtained  from  F3  and  F2  is  between 
25°  and  1?5°»  This  Table  also  shows  that  the  phase  angles  of  the 
fundamental  frequency  of  the  SPAP  filter  output,  for  the  phase  shifts 
of  25°  aad  155°  mentioned  above,  are  6„7°  and  173.3°  respectively. 

In  the  majority  of  possible  SPAN  filter  applications,  the  deaired 
phase  angle  of  the  fundamental  will  probably  lie  within  these  limits. 
Consequently,  a  describing  function  calculated  by  the  above  method 
would  be  of  doubtful  value. 

*  In  spit®  of  their  doubtful  validity,  describing  functions  were 
calculated  for  the  SPAN  filter  in  the  two  configurations  chosen  for 
analog  computer  study.  It  was  hoped  that  ’‘ballpark”  v&Iuoa  would  be 
obtained  for  the  time  constants  of  the  linear  lead  and  lag  networks 
for  the  purpose  of  optimising  plant  response  using  the  SPAN  filter. 

For  a  given  phase  shift  obtained  from  the  SPAN  filter,  the  des¬ 
cribing  function  will  have  a  magnitude  and  phase  and  will  appear  as  a 
point  on  a  log  magnitude- angle  diagram  or  Nichols  chart.  As  the  phase 
shift  obtained  by  both  the  linear  lead  and  lag  networks  is  a,  function 
of  frequency,  the  describing  function  was  plotted  as  a  function  of  wT. 
The  first  rtesoxrlbing  function  was  c  lac  elated  for  a  SPAN  filter 
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with  Fjl  an  a  leed  network  ftoa  F2  as  unity  gain.  The  lead  network  m&d. 
has  a  transfer  function 


Gc(  jw)  e  JLJr  (3) 

1  +  JQ.lwT 

?h*  maximum  phase  shift  attainable  from  this  particular  leed  network 
is  approximately  55°.  A  Nichols  chart  of  this  describing  function 
plotted  as  -l/%  appears  in  Figure  5.  Each  point  of  this  cures  is  the 
stability  point  {psuodo  180°  crossover  point)  for  a  particular  value 
of  wT.  The  stability  point  is  saan  to  have  a  maximum  displacement  at 
uT  -  3  where  -1/fc^  *  l.fildb  /-an  «o. 

The  first  trial  value  of  the  tine  constant  to  give  optimum  perfor¬ 
mance  for  a  particular  plant  of  ay  stem  was  calculated  by  determining 
the  frequency  at  which  the  uncoogpenseted  plant  had  a  phase  angle  of 
-211.3°.  It  is  shown  in  Part  IV  of  thia  report  that  this  procedure 
east®  within  a  factor  of  2  or  3  of  the  desired  tins  constant.  Although 
not  particularly  accurate,  it  did  provide  a  starting  point  for  an 
analog  computer  study.  This  procedure  baa  no  application  to  a  plant 
such  as  K/s  .  The  final  network  used  in  the  SPAN  filter  was  ad¬ 
justed  by  trial  and  error  until  the  best  system  performance  was  ob¬ 
tained. 

Other  describing  functions  vara  calculated  for  the  SPAN  filter 
when  F^  was  a  lead  network  and  F2  was  a  leg  network  with  a  transfer 
function 

Gc(jv)  s  1  +  1HT  (4) 

1  +  jolwT 

where  o<  is  the  pole-aero  ratio  and  is  greater  than  1.  These  describ¬ 
ing  functions  were  determined  to  be  of  so  value  for  selecting  the 
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linear  filter  nstworlc  tine  constants.  This  result  was  anticipated  as 
the  hensonio  content  of  the  SPAN  filter  output  in  high  this  con- 
figuration.  No  data  for  these  describing  functions  is  included  in 
this  report. 
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m.  Analog  Coagatgr  Analysis  of  the  3PAK  Filter 

llrtliB&pf  AeelyffU 

The  purpose  of  this  analog  ftowputar  study  wee  to  obtain  closed 
loop  oywtesa  response  data  for  both  SEAN  filter  and  linear  filter  oon~ 
pensated  unity  fae&aek  syirteas.  The  IZAS  (Integral  of  Use  multiplied 
by  the  absolute  'mine  of  error)  was  chosen  aa  the  criterion  by  uhich 
to  evaluate  both  linear  and  SEAN  filter  compensated  systems  for  opti¬ 
ma  performance  to  a  step  function  input.  It  is  one  of  the  better 
over-all  flganee  of  serit  for  a  nero  steady-stats  step  error  system 
(Bef  1*587). 

Ramp  and  sinusoidal  inputs  ware  also  used  to  determine  how  well 
both  the  optimised  SEIM  end  Til  near  filter  compensated  systems  followed 
time  varying  signals.  The  final  check  made  on  each  compensated  system 
was  to  determine  its  oansitirity  to  gain  variations.  This  was  ac- 
compliohed  by  using  step  function  inputs  and  obtaining  the  ITAE  value 
fbr  different  values  of  system  gain. 

The  linear  compensating  filter  used  during  this  study  was  a  lead* 
lag  compensator  with  a  transfer  function  of 

Qa(s)  -  (1  +  Tjb)(1  *  T2s)  (5) 

TTTWi'gTCl'T  ti.lf2a) 

This  filter  was  chosen  ea  it  has  the  advantages  of  both  the  lead  and 
lag  oeepenaatore  and  is  therefore  one  of  the  better  linear  compensators 
(Ref  lil*52). 

The  Model  16-31R  Electronic  Associates,  Inc.,  Analog  Computer 
located  in  Building  57,  Area  B,  Wright-Fat terson  AFB,  Ohio,  was  used 
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for  this  study. 

Imposed  Restrictions  for  Ooggxfcgr  Analysis 

The  pole- aero  ratios  in  both  the  lead  end  lag  networks  need  in 
the  SPAN  filter  were  lied  tad  to  a  maximum  value  of  10.  This  was  also 
the  value  used  for  the  pole- aero  ratio  in  the  linear  lead-lag  filter. 
The  ranges  of  alpha  were  therefore  limited  to  1  ^ 

0.1<«*2  <1. 

The  sinusoidal  Inputs  were  restricted  to  the  range  of  0.5  to  10.0 
radians/second,  This  is  a  typical  range  of  input  frequencies  to  a  Me¬ 
chanical  control  system. 

The  tta.e  used  as  the  optimum  performance  criterion  is  a  time 
weighted  function  which  Increasingly  penalties u  system  errors  as  time 
progresses.  Due  to  the  long  time  constants  normally  associated  with 
lag  networks,  a  considerable  amount  of  time  can  alapsa  before  the 
error  is  reduced  to  sero.  In  order  to  reduce  the  time  required  for 
the  output  of  the  circuit  simulating  the  TTAE  function  to  reach  some 
steady-state  value,  the  input  of  the  ITAE  circuit  was  modified  so  that 
the  integration  stopped  when  the  error  signal  became  lees  than  a  pre¬ 
selected  value.  This  value  was  established  at  lees  than  2%  of  the 
system  steady-state  output.  Within  this  limit,  it  wee  varied  slight¬ 
ly  from  system  to  system,  but  onoe  selected  for  a  system,  it  wee  held 
constant  regardless  of  the  compensating  filter  used. 

Description  of  Test  Plante  Used 

Four  different  plants  were  compensated  with  both  the  linear  lead- 
lag  and  SPAN  filters  during  the  analog  computer  simulation.  Eaoh  was 
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sufficiently  different  from  t he  other  thro®  so  that  th*  SPAN  filter's 
application  to  a  variety  of  ajo toa  might  be  Investigated. 

th®  four  basic  codty  fsedbaok  systems  chosen  for  this  lave  sulfa¬ 
tion  ham  th®  fblloifing  fbmard  transfer  functional 


<*(.) 

-  So 

S8 

(8) 

a(»> 

s(s  ♦  lK's  eg) 

(9) 

°(«) 

«  E 

(10) 

s(s^  ♦  s  +  k) 

°(») 

-  K(10  -  s) 

sta*  S’gT 

(11) 

Th®  first  system  Ilstad  is  unstable  for  all  tbIuss  of  gain.  Th®  second 
and  third  systems  are  stable  but  have  unsatisfactory  transient  re¬ 
sponses,  Also,  both  systems  became  unstable  at  relatively  low  values 
of  gain.  Th®  second  system  has  its  open  loop  poles  on  th®  real  axis 
whereas  th®  third  system  has  a  pair  of  complex  poles  located  close  to 
the  Imaginary  axis.  The  fourth  system  differs  from  the  other  three  in 
that  it  la  a  nox^minlmum  phase  system,  having  a  aero  in  the  right-half 
of  the  9-plane .  This  system  is  covered  in  reference  2  and  therefore 
serve®  to  correlate  the  results  obtained  In  this  study.  The  unsatis¬ 
factory  system  response  of  this  system  fbr  a  step  function  input  has 
both  an  undershoot,  due  to  the  aero  in  the  right-half  plane,  and  an 
overatoot.  The  root  locus  of  each  of  the  four  systems  must  be  reshaped 
to  improve  system  stability  and/or  transient  response. 
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Analog  Computer  Simulation  of  the  Unity  Feedback  Systems 

A  block  diagram  of  the  analog  computer  yl  mul  atlon  for  the  unity 
feedback  systems  in  shoim  in  Figure  6,  Analog  computer  circuits  for 
the  four  plants,  the  linear  lead-lag  filter,  the  SIAN  filter,  and 
the  ITAE  function  were  designed  by  the  author  and  are  contained  in 
Appendix  C*  Design  of  the  four  plants  was  straightforward  and  will 
not  bo  discussed.  However,  sons  discussion  is  in  order  for  the  sim¬ 
ulation  of  the  ITAE  Amotion,  the  SPAN  filter,  and  the  linear  lead-lag 
filter. 

Although  tho  design  o£  the  ITAE  circuit,  shown  in  Figure  22,  was 
straightforward,  the  modification  to  the  circuit  that  was  mentioned 
previously  will  be  discussed.  Function  relay  #2  was  incorporated  to 
oaks  the  error  input  to  the  multiplier  aero  when  the  error  became 
loss  than  2%  of  the  system  steady-state  output.  The  function  relay 
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logic  is  eraeh  that  if  the  algebraic  sum  of  the  two  relay  inputs  Is 
positive,  the  relay  is  op,  end  if  the  algebraic  sue  la  negative,  the 
relay  la  down  (Kef  8:35).  One  input  to  relay  #2  la  the  output  of  the 
absolute  value  function  circuit  which  is  always  positive  and  the  other 
input  Is  connected  to  the  output  ant  of  s  potent  ices  ter  with  a  nega¬ 
tive  voltage  applied.  As  a  result,  when  the  magnitude  of  the  voltage 
output  of  the  absolute  value  circuit  is  less  than  the  aajpdtude  of  the 
potentiometer  voltage,  the  input  to  one  half  of  the  multiplier  will  be 
saro  or  ground. 

References  5  and  6  were  consulted  for  possible  circuits  that 
could  ba  used  for  simulation  of  the  linear  lead-lag  filter.  The  un¬ 
desirable  feature  of  the  given  circuits  was  that  no re  than  one  poten¬ 
tiometer  had  to  be  adjusted  to  effect  a  change  in  one  parameter.  It 
was  considered  desirable  to  obtain  e  circuit  in  which  each  variable 
parameter  could  be  controlled  by  e  single  potentiometer.  This  would 
simplify  the  process  of  changing  e  parameter  value  and  because  of 
tills  simplicity,  improve  accuracy.  The  desired  circuit  was  achieved 
and  la  sheen  in  ?iguns  23.  This  reduction  in  the  number  of  potentio¬ 
meters  was  also  applied  to  the  design  of  the  lead  and  lag  networks 
included  in  the  SPAN  filter  simulation. 

When  the  basic  design  of  the  SPAN  filter  simulation  was  tried  on 
the  analog  counter,  it  was  oboarved  that  the  filter  output  was  not 
aero  for  a  saro  input.  By  analysing  the  circuit  it  was  discovered 
that  the  single  relay  originally  used  to  simulate  the  bistable  element 
would  oscillate  or  chatter  when  the  error  input  approached  zero.  This 
relay  chatter  was  alternately  applying  plus  and  minus  100  'volts  input 
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to  one-half  of  the  multiplier  which  ms  sufficient  to  a  mam  tbs  quarter- 
square  diode  multiplier  to  generate  a  snail  output.  To  remedy  this 
situation,  two  additional  function  relays  were  added  to  the  circuit 
(see  Figure  2k)  for  the  purpose  of  grounding  both  inputs  to  the  multi¬ 
plier  when  the  error  voltage  bee  am  negligible  (less  than  0.1  volt). 
Specifications  on  the  multiplier  indicate  that  its  output  mill  be  less 
then  +2  millivolts  when  both  inputs  are  aero  (Ref  Gtl8).  The  logio  of 
the  cirmiitiy  incorporating  relay  #U  and  #5  is  that  the  output  of  the 
bistable  alenant  simulation  is  as  follows i 


•out 


Ei  volts  for  e^n>0.1  volt 

for  -0.1  <*in<  0.1  volt 
volts  Ibr  e^jjK-0.1  volt 


Procedure  for  Determining  Filter  Parana  ter  a  ibr  Optima  Peribreance 

Linear  Lead-lag  Compensator.  The  zoo  '•  locus  of  each  plant  was 
examined  to  determine  the  most  likely  time  constants  for  the  lead  net¬ 
work  portion  of  the  linear  lead-lag  compensator  with  which  to  obtain 
optimum  performance.  Repeated  analog  computer  runs  were  made  for 
various  values  of  time  constants  and  gains  in  search  of  "the"  optimum 
operating  point. 

SPAN  Filter.  System  performance  was  optimised  with  both  of  the 
oeleoted  SPIN  filter  oonflguratlona.  The  first  configuration  used  on 
each  of  the  four  plants  had  ^  as  a  lead  network  and  ?2  a  unity  gain. 
It  will  be  referred  to  as  configuration  I  for  the  remainder  of  this 
report.  For  this  configuration,  the  describing  function  shown  in 
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TABLE  IX 

SPAN  FILTER  LEAD  NETWORK  TIME  CONSTANT 
FOR  OPTIMUM  PERFORMANCE 
(*<2  *  0*1) 


PLANT 

METHOD 

DESCRIBING  FUNCTION 

ANALOG  COMPUTER 

Typo  2 

* 

0.3^  seconds 

Typo  1 
(Real  Foies) 

1.15  seconds 

0.7^  seconds 

Typo  1 

(Complex  Foies) 

1.27  seconds 

0*50  seconds 

Non-minimum 

Phase 

0.11  seconds 

0.10  seconds 

^Describing  function  method  not  applicable  to  K/a2  plant 


figure  5  was  used  to  obtain  a  tine  constant  value  which  served  as  a 
starting  point  In  the  analog  coaputer  search  for  the  optimum  operating 
point.  The  time  constant  was  calculated  by  determining  the  frequency 
at  which  the  uncompensated  plant  had  a  phase  angle  of  >211°  and  divid¬ 
ing  this  into  3.  The  value  wT  -  3  provides  the  maximum  displacement 
of  the  pseudo  180°  crossover  point.  Repeated  analog  computer  runs  were 
made  for  various  values  of  time  constants  and  gains.  Table  II  is  a 
comparison  of  the  lead  network  time  constants,  fbr  a  pole-aero  ratio 
of  10,  that  were  obtained  first  by  use  of  the  describing  function  and 
then  by  optimisation  of  the  response  on  the  analog  computer.  Based  on 
the  limited  number  of  plants  compensated,  it  can  be  concluded  that  the 
accuracy  of  selecting  an  optimum  time  constant  value  by  use  of  the 
describing  function  is  not  only  dependant  upon  the  harmonic  content  of 
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the  SPAN  filter  output  but  Is  also  dependant  upon  the  plant  being 
compensated. 

The  second  configuration  of  the  SPAN  filter,  hereafter  referred 
to  as  configuration  II,  had  aa  a  lead  network  and  ^ui  lag  net¬ 
work.  After  **njr  analog  computer  runs  in  which  both  lead  and  lag  ties 
constants  and  pole-aero  ratios  wsre  varied,  it  was  concluded  that  the 
value  of  the  tine  constant  and  pole-aero  ratio  selected  for  the  lead 
network  in  configuration  I  were  the  best  choices  for  the  lead  network 
in  configuration  U.  No  guide  was  found  for  determining  tins  constant 
and  pole-aero  ratio  mines  for  the  lag  network*  Optimisation  of  plant 
performance  was  obtained  through  a  trial  and  error  procedure*  Of  the 
four  plants  compensated,  only  the  two  Type  1  plants  showed  Improved 
performances  with  configuration  II  over  that  obtained  with  configura¬ 
tion  I* 
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Th®  STAS  was  us®*.,  to  dtotertslxws  wheat  optima,  partomxms,  me 
achieved  for  *  step  function  input  uhiag  Ihc-tli  li^mar  leadflag  and 
SPAM  filter  sompeMatlon.  After  this  ©jyfcljeOTi  operating  point  was  de~ 
terratoad  for  ««©h  of  the  compensating  liltara,  .ramp  and  sinusoidal 
inputs  were  applied  to  dsteradna  the  compensated  system's  raeponsa  to 
tins  vaiying  signals .  The  ramp  function  used  had  a  slop®  of  approx¬ 
imately  1  volt  par  second.  Frequencies  of  0*5,  1*0,  2*0,  £.0,  and 
10,0  radians/second  war®  used  as  the  tinusoidal  inputs,  with  the  am¬ 
plitude  of  the  input  held  constant  throughout  this  frequency  range. 

The  final  check  made  on  plant  operation  for  aaoh  type  of  caegmusatlon 
was  system  sensitivity  to  gain  variations. 

The  analog  cojaputar  results  used  in  this  investigation  ware  ob¬ 
tained  over  a  two  month  period.  An  effort  was  side  to  duplicate  po¬ 
tentiometer  sattings  for  eeoh  system  tested,  hut  it  is  quite  possible 
that  they  differed  from  time  to  time  by  a  few  hundredths  of  a  volt. 
Other  minor  deviations  in  computer  performance  could  also  ham  occurred 
ow  this  time  period.  The  ITAE  value  w&a  11*®  most  likely  measurement 
to  be  sensitive  to  these  minor  variations,  particularly  when  Its 
value  was  in  the  order  of  a  few  hundredths  of  a  unit,  however,  re¬ 
peated  checks  of  system  performance  frum  tima  to  time  indicated  that 
the  value  of  the  ITAE  for  a  given  system  operating  point  varied  only 
slightly.  Therefor®/,  it  is  believed  that  tbs  values  obtained  can  be 
used  in  a  valid  compsirlecm  of  SPAN  filter  versus  linear  lead-lag  conj- 
pensation. 
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The  four  test  plants  used  will  be  referred  to  by  a  descriptive 
nans  rather  than  by  transfer  function  throughout  the  remainder  of  this 
report.  Tbs  transfer  functions  of  these  four  plants  ware  listed  lit 
equations  8  through  H,  Part  III,  and  they  will  be  referred  to  respec¬ 
tively  as  a  Type  2  plant,  a  Type  1  plant  with  real  poles,  a  Type  1 
plant  with  complex  poles,  and  a  non-minljmaB  phase  plant. 

Tables  suMuarlzlog  the  optimum  performance  of  each  plant  with 
lead-lag  and  SPAN  filter  compensation  are  contained  in  Appendix  D  for 
step  inputs,  in  Appendix  E  for  ramp  Inputs,  and  in  Appendix  F  for 
sinusoidal  inputs.  Appendix.  G  contains  graphs  showing  the  sensitivity 
of  each  system  response  to  variations  In  gain  from  the  optimum  value. 

Analysis  of  Type  2  Plant  Performance 

Step  Function  Input.  The  smallest  value  of  ITAE  for  the  Type  2 
plant  was  obtained  with  lead-lag  compensation.  The  ITAE  values  ob¬ 
tained  with  lead-lag,  SPAN  configuration  I,  sad  SPAN  configuration 
II  compensation  were  C.Oi;,  0.08,  and  0.18  respectively.  For  this 
plant,  the  error  input  to  the  ITAE  circuit  was  reduced  to  zero  when 
the  plant  output  was  within  99  c  7%  of  its  final  value , 

Response  of  this  Type  ?.  plant  to  a  stop  function  input  for  lead- 
lag  and  SPAN  filter  compensation  is  shown  in  Figure  7.  The  linear 
compensated  system  has  a  much  faster  rise  time  to  first  s ere  error 
and  has  a  settling  or  solution  time  that  is  80#  of  that  obtained  with 
the  SPAN  filter  compensated  system.  The  various  performance  character¬ 
istics  such  as  time  for  the  error  to  reach  its  first  «ero,  time  to 
reach  tine  maximusi!  peak  overshoot,  percent  peak  overshoot,  and  tis» 
for  the  ranponse  to  Mettle  within  $%  of  its  final  value  are  tabulated 
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In  Table  III,  Appendix  D,  fbr  both  linear  and  SPAN  filter  compensated 
systems . 

Romp  Function  Input.  Table  YU,  Appendix  E,  includes  response 
data  for  a  ramp  function  Input  and  Figure  8  shows  the  responses  ob¬ 
tained  with  both  lead-lag  and  SPAN  filter  compensated  systems.  The 
output  of  the  Type  2  plant  with  SPAN  filter  compensation  oscillated 
about  the  rmp  slope  line  whereas  the  plant  output  with  lead-lag  com¬ 
pensation  had  no  steady -rtate  error. 

Sinusoidal  Input.  Tabulated  Information  for  the  sinusoidal  input 
is  contained  in  Table  U,  Appendix  F.  For  the  range  of  frequencies 
applied  to  the  input  (0.5  to  10.0  radians/second),  linear  lead-lag 
compensation  caused  the  least  phase  shift  of  the  output.  The  fre¬ 
quency  response  of  this  plant  was  approximately  the  same  for  input 
frequencies  from  0.5  to  2.0  radians/ second  regardless  of  the  compen¬ 
sator  uped.  However,  use  of  the  SPAN  filter  resulted  in  a  smaller 
bandwidth  compared  to  that  obtained  with  lead-lag  compensation.  Both 
linear  and  SPAN  compensated  responses  lor  inputs  of  5*0  and  10.0 
radi&ns/second  are  shown  in  Figures  9  and  10. 

Compensation  of  the  plant  with  configuration  I  of  the  SPAN  filter 
gave  a  better  ITAE  value  than  that  obtained  with  configuration  II. 

Its  use  also  resulted  in  a  better  response  for  sinusoidal  inputs  as 
none  distortion  of  the  output  was  observed  when  configuration  II  com¬ 
pensation  was  used. 

Sensitivity  of  System  Response  to  Gain  Variations.  Figure  25, 
Appendix  Q,  is  a  plot  of  ITAE  versus  percent  change  of  gain  from  the 
optimum  value.  Fro  it  this  figure  it  can  be  seen  that,  regardless  of 
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FIGURE  8 

TYPE  2  PLANT  RESPONSE  FOR  RAMP  FUNCTION  INPUT 
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FIGURE  9 

TYPE  2  PLANT  RESPONSE 


FOR  SINUSOIDAL  INPUT  OF  5  RAD IANS/ SECOND 
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FIGURE  10 

TYPE  2  PLANT  RESPONSE 
FOR  SINUSOIDAL  INPUT  OF  10  RADIANS/ SECOND 
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the  type  of  compensation  used,  the  ITAE  changed  very  little  for  ohangea 
of  gain  from  a  7$%  decrease  from  optimum  to  a  100JJ  increase  above  op¬ 
timum.  In  fact,  for  configuration  n  and  lead-lag  compensation  there 
are  any  number  of  optimum  points.  For  gains  less  then  7$%  below  op¬ 
timum,  the  system  compensated  with  configuration  II  of  the  SPAN  filter 
was  the  least  sensitive  to  gain  variations. 

Analysis  of  Performance  of  Type  1  Plant  with  Real  Poles 

Step  Function  Input.  Use  of  configuration  II  of  the  SPAN  filter 
to  compensate  the  Type  1  plant  with  real  poles  resulted  in  a  lower 
value  of  ITAE  than  obtained  by  either  configuration  I  or  the  lead-lag 
compensator.  The  minimum  ITAE  value  obtained  with  configuration  II 
was  2.0  whereas  ITAE  values  for  lead-lag  and  configuration  I  compensa¬ 
tion  were  2.U  and  6.3  respectively.  Error  input  to  the  ITAE  circuit 
was  reduced  to  aero  for  this  system  when  the  plant  output  was  within 
99%  of  its  final  value.  An  examination  of  Figure  11  and  the  informa¬ 
tion  tabulated  in  Table  17,  Appendix  D,  shows  that  although  rise  tine 
to  first  zero  error  was  longer  with  either  configuration  of  the  SPAN 
filter  than  with  the  lead-lag  compensator  (2.1  seconds  versus  1*3 
seconds),  compensation  with  configuration  II  resulted  in  a  settling 
time  that  was  7h%  of  that  required  with  lead-lag  compensation.  The 
oscillatory  transient  was  considerably  reduced  in  amplitude  by  the 
use  of  configuration  II. 

Reap  Function  Input.  For  a  ramp  function  input,  the  plant  output 
with  SPAN  filter  compensation  is  a  ramp  function  superimposed  with  e 
damped  oscillation  whereas  the  output  for  lead-lag  compensation  had  no 
oscillation.  However,  the  least  steady-state  error  was  obtained  with 
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Load-lag 
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Recorder  speed  Is  2  nun/aec 
FIGURE  12 

RESPONSE  OF  TYPE  1  PLANT  WITH  REAL  POLES 
FOR  RAMP  FUNCTION  INPUT 
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configuration  H  compensation.  Graphical  and  tabulated  ramp  function 
response  data  are  given  in  Figure  12  and  Table  TUI,  Appendix  K. 

Sinusoidal  Input.  The  plant  output  for  SPAN  filter  oongwnnation 
had  leas  phase  shift  at  0.5  radiana/seoond  but  had  a  greater  phase 
shift  for  frequency  inputs  greater  than  or  equal  to  2  radlans/seeond 
than  that  obtained  with  lead- lag  compansation  as  aaown  in  Table  XU, 
Appendix  F.  The  date  contained  in  this  table  also  Indicates  that  the 
SPAN  filter  compensated  plant,  has  a  smaller  bandwidth  than  the  linear 
compensated  plant.  System  rssponse  for  both  leadb-laft  and  SPAN  filter 
compensation  to  an  input  frequency  of  2.0  radians/ second  is  ahown  in 
Figure  13. 

Sensitivity  of  System  Response  to  Qein  Variations .  Figure  26, 
Appendix  0,  shows  the  effect  of  gain  variations  on  the  ITAK  for  this 
system.  The  lead-lag  compensated  system  was  the  least  sensitive  to 
gain  Increases  from  optimum  whereas  the  SPAN  filter  compensated  Tester, 
was  the  least  sensitive  to  gain  decreases.  The  system  compensated 
with  configuration  I  of  the  SPAN  filter  appears  to  be  less  sensitive 
than  the  other  compensators  although  its  ITAK  value  is  the  largest 
of  tho  three.  No  explanation  was  found  for  the  peak  in  the  configura¬ 
tion  U  curve)  however,  a  thorough  Investigation  was  not  conducted  in 
this  area.  Study  of  the  system,  responses  for  gains  in  the  region 
indicated  that  the  plant  output  decayed  at  a  slower  rate  from  Its  peak 
overshoot  value  than  it  did  for  lesser  or  greater  gains.  Figaro  Hi 
contains  computer  traces  of  system  responses  fbr  different  values  of 
gain  in  this  region. 
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FIGURE  14 

RESPONSES  TO  STEP  INPUTS  FOR  VALUES  OF  GAIN 
THAT  PRODUCED  A  PEAK  IN  ITAE  VERSUS  %  CHANGE  OF  GAIN 
CURVE  FOR  THE  TYPE  1  PLANT  VI TK  REAL  POLES 
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Analysis  of  Ferfiraanee  of  Type  1  Plant  with  Complex  Polos 
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3teg  Function  Input.  Ac  in  thus  other  Type  1  system,  the  lowest 
value  for  XTAE  was  obtained  with  configuration  IX  of  the  SPAN  filter 
as  this  compensator.  The  ITAE  value  for  configuration  II  was  5*1  as 
compared  with  8,4  and  15*3  for  configuration.  I  and  lead-lag  compensa¬ 
tion  respectively.  For  the  Type  1  plant  with  oomplex  poles,  the 
error  input  to  the  JTAE  circuit  was  reduced  to  zero  when  the  plant 
output  was  within  9t$  of  its  final  value.  A  larger  bias  value  was 
used  for  this  system  as  the  transient  response  decayed  at  a  slower 
rate  than  in  the  other  systems. 

Step  responses  for  this  system  are  shown  in  Figure  1 5.  Settling 
tine  for  the  configuration  II  compensated  plant  was  less  than  one- 
half  of  that  required  with  lead-lag  compensation.  Again,  the  SPAN 
filter  compensate c*  plant  required  more  time  to  reach  first  zero  error 
than  for  lead-lag  compensation,  but  the  times  required  only  differed 
by  7%.  Tabulated  stop  function  input  data  is  provided  in  Table  7, 
Appsadlx  D. 

Ramp  Function.  Input.  Response  of  the  SPAN  filter  compensated 
system  to  a  ramp  function  input  was  .  v  as  eood  as  that  obtained  with 
leau-lag  compensation.  The  steady-state  error  for  SMN  filter  dis¬ 
pensation  was  at  least  UO %  greater  than  that  obtained  with  lead-lag 
compensation.  Tabulated  data  for  this  plant  is  contained  in  Table  H, 
Appendix  E. 

Sinusoidal  Input.  The  SPAN  filter  compensated  system  also  had 
a  poorer  response  for  sinusoidal  inputs  compared  to  that  obtained 
with  lead-lag  compensation,  as  indicated  in  Table  XIII,  Appendix  F. 
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FIGURE  15 

RESPONSE  OF  COMPENSATED  TYPE  1  PLANT  WITH  COMPLEX  POLES 
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Throughout  the  frequency  ruse*  of  0*5  to  10,0  radium/— oend*  the  out¬ 
put  of  the  SPAR  owyon— tod  system  had  greator  pha—  shift,  reduced 
bandwidth,  and  nw  distortion.  Tho  responses  of  both  SPAM  and  load* 
lag  coup— tod  plants  to  a  sinusoidal  input  of  0.$  radians/sooond 
aro  shewn  In  Figure  16. 

Sensitivity  of  System  Respon—  to  Qain  Variations .  Figure  27* 
Appendix  0,  shews  tha  off— t  of  gain  variations  on  tho  HAS  for  this 
nysfc— .  Tho  output  of  tho  plant  with  SPAN  filter  compensation  was 
Isas  sensitive  to  gain  variations  than  ait h  load-lag  ooaponsation. 
Configuration  n  ooaponsation  produced  tho  loast  senaltivs  system* 
particularly  to  gain  Increases. 

Analysis  of  Won-ninljuan  Pha—  Plant  Performance 

Step  Function  input.  Approximately  0.05  was  obtained  as  the 
IT  AM  value  for  the  non-minimum  pha—  plant  regardless  of  the  type  of 
compensation  used.  For  this  plant  tho  error  input  to  tho  ITAE  cir¬ 
cuit  was  reduced  to  aero  when  the  plant  output  was  within  99.5$  of  Its 
final  value. 

Figure  17  and  Table  VI*  Appendix  D,  contain  the  response  informa¬ 
tion  of  this  plant.  A  comparison  of  this  data  reveals  that  regardless 
of  the  compensation  used*  the  system  response  had  approximately  the 
same  settling  time  and  had  little  or  no  overshoot.  The  primary  dif¬ 
ference  in  the  responses  existed  in  the  amount  of  undershoot.  Use  of 
the  lead-lag  compensator  gave  a  response  with  a  larger  but  earlier 
occurring  undershoot  than  that  obtained  with  SPAM  filter  compensation. 
During  the  trial  and  error  procedure  of  adjusting  tha  para—  ters  of 
configuration  II  of  the  SPAM  filter  in  search  of  the  system  optimum 
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FIGURE  17 

NON-MINIMUM  PHASE  PLANT  RESPONSE 
TO  STEP  FUNCTION  INPUT 
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operating  point,  it  mi  detendned  that  tbs  optimal  point  was  ap¬ 
proached  as  the  pole-saro  ratio  of  Fg,  tbs  lag  network,  approached 
unity  (ox*  irina  Fg  •ffproaotoed  a  unity  gain  artwork  as  in  configuration 
X).  fin  responses  obtained  Aren  both  configurations  differed  slightly 
so  data  for  both  la  contained  in  Table  VI,  Appendix  D.  Slight  varle- 
tiona  in  potentiometer  settings  on  the  analog  toaput  er  crobcbly  ao« 
count  for  this  difference.  However,  beoanaw  of  t be  aiwllr^tt  *  of  the 
responses,  only  the  response  for  c«oflguretio/.  X  i a  glvwa  m  ?i,jur» 

17. 

Ae  the  response  of  this  \on-niid*mai  phase  p  .ant  mej  uc-  be  as 
faadliar  to  the  reader  as  the  other  pleats,  tbs  anKo%iene*w*d  response 
is  also  shown  in  Figure  17.  It  should  be  noticed  ix  Iris  figure  that 
not  only  did  both  the  lead-leg  end  SPAN  filtei  conpensation  iwprcve 
the  rise  tine  to  first  sero  error  end  roc-xe*  the  overeat  1%  bat  elso 
they  both  Increased  the  awoum.  of  undershoot.  If  tbit  awiarshoot  is 
objectionable  in  the  basic  plant,  then  eons  type  o.  compensation  other 
then  those  discussed  in  this  paper  east  e  us*!  x>  a.„jELuat*  or  reduce 
it. 

Ramp  Function  Input.  Tabulated  deu  far  this  pier  -'s  response 
to  e  rasp  function  input  ore  contained  in  Table  X,  A ppendL-.  E.  The 
steady-state  error  in  the  output  was  approximately  the  sans  for 
either  oowpeneetor,  with  configurator  T"  Ju  ring  the  least  orror  of 
the  th-ee. 

Slnusoidel  Input.  The  amplitude  of  tt*  tlant  output  renamed 
quite  constant  for  sinusoidal  frequency  input*  fro*  0.5  to  10.0 
redlane/eeoond  regardless  of  tbs  type  of  ooap^csator  need.  Configur*- 
tion  I  of  the  SPAN  filter  caused  less  ph*4te  shlit  n  tbs  output  for 
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*21  input  frequencies  except  at  10.0  redlaae/aeeond.  Inform*  tion  on 
plant  response  to  sinusoidal  Inputs  is  contained  in  Tabls  II?,  Appen¬ 
dix  F.  Figure  10  shows  ths  compensated  response  for  an  Input  f*s~ 
quonoy  of  1.0  redian/sooond. 

Sensitivity  of  fllifstsai  Response  to  Osin  Variations.  Tbs  offset 
of  gain  variations  on  ths  ITA2S  for  this  system  Is  shown  In  Figure  28, 
Appendix  0.  As  previously  motioned,  SPAR  filter  configurations  I 
end  XI  were  very  similar.  As  expected,  gain  variation  data  for  both 
configurations  was  also  sinilar  and  therefore  only  one  curve  is 
plotted  Ibr  the  SPAN  filter  In  Figure  28.  The  difference  In  the 
degree  of  sensitivity  between  lead-lag  and  SPAR  filter  compensated 
system  Is  slight  with  tbs  SPAN  compensated  system  being  the  least 


sensitive 
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V.  Conclusions 

Fbr  the  four  plants  used  daring  this  investigation,  um  of  the 
SPAN  filter  as  a  compensator  showed  Utils  or  no  o tot- all  jjyrovsment 
compared  with  that  obtained  with  the  less  complex  linear  lead-lag 
compensator.  Based  on  the  XTA2,  the  SPAN  filter  did  improve  the  step 
response  of  both  Type  1  plants  used  in  this  study  over  that  obtained 
with  lead-lag  compensation.  The  SPAN  filter  also  reduced  system  sensi¬ 
tivity  to  gain  variations  for  the  Type  1  plant  with  complex  poles. 
However,  hatter  reap  and  sinusoidal  raoponses  from  both  Type  1  plants 
were  obtained  with  lead-lag  compensation.  For  the  other  two  plants, 
use  of  the  SPIN  filter  slightly  improved  over-all  performance  of  the 
non-minimum  phase  plant  but  provided  no  Improvement  in  the  Type  2 
plant  performance  over  that  obtained  with  linear  lead-leg  compensation. 

Based  on  the  results  obtained  in  the  area  of  investigation  cov¬ 
ered  by  this  study,  it  is  concluded  that  the  present  oonoept  of  the 
SPAN  filter  will  not  result  in  s  practical  device  with  gsnerel  appli¬ 
cation  which  will  provide  improved  compensated  response  over  that 
obtained  with  linear  compensation.  This  is  particularly  true  for 
those  systems  which  have  inputs  that  are  not  solely  restricted  to  a 
step  function  input.  As  with  other  nonlinear  compensators,  there  wy 
be  some  type  of  system  with  which  the  SPAN  filter  oould  be  used  to 
provide  aome  desirable  cffeot  not  attainable  with  linear  compensators. 
The  Independent  control  of  gain  and  phase  is  a  desirable  feature  but 
in  the  present  oonoept  of  the  SPAN  filter,  this  advantage  is  out¬ 
weighed  b <y  Its  disadvantages. 
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Appendix  A 

JlacttSBloa  of  Fourier  Sanaa 

For  a  sinusoidal  input,  the  SPAN  filter  output  is  shown  in 
Figures  2  and  3.  One-half  period  of  the  "-PAN  filter  output  la  shown 
here  for  convenience. 


The  Fourier  series  for  this  output  can  bo  aapnaased  In  the  fora 

oo  oo 

f(vt )  -  YU  Aj^  cos  mrt  +  5  Bq  sin  art  (12) 

n  ■  1  n  -  1 

Consider  the  case  where  Fg  is  a  unity  gain  network.  Let  f  be 
the  phase  shift  produced  by  the  lead  network  then  the  bistable 
element  switches  at  the  angle  b  which  is  equal  to  IT  -  f.  The  co¬ 
efficients  of  the  Fourier  series  are  found  to  be  as  follows  it 

for  n  "  1 

Ax  -  2  sln2b  (13) 

tr 

\  -  1  (2b  --nr  -  Sln2b)  (Hi) 

if 
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for  n  )  1 


Ajj-l  f  f2-2coB(n  +  l)bl  - 

ir  C  L  J 

Bn  "  2  [alnCa  -  l)b  -  sln(n  ♦  l)b  1 
ft  l  n  -  1  n  +  I  J 


2-2coa(  n  -  l)b 
rT-'T 


B 


(15) 

(16) 


the  Fourier  series  cam  also  be  expressed  as 
ee 


f(wt)  »  ZI  Cn  sin(nirt  +  /fn) 
n  -  1 


where 


(17) 

(18) 

(19) 


For  the  case  where  Is  a  lag  network,  let  f  be  the  numerical 
sum  of  the  phase  shifts  obtained  In  both  the  lead  and  lag  networks. 
Then  the  above  formulae  can  be  used  with  the  exception  that 

"  “®  +  tan"1  An  (20) 

Bn‘ 

where  e  Is  the  phase  shift  in  the  lag  network. 


U8 
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Appendix  B 
Lag  Network 


Circuit 


r2  e2 


Transfer 

Function 


O(s)  =  £g.U.).  =  -L-t  ii?- 

®l(s)  i  +  «i  V 


where 


=  R1J+  R2 


Lead  Network 


W/  v. 


T 

.«  i  E 


Transfer 

Function 


0(»)  =  ?2i4l  ■ 1  •*  T28 

=1(8) 


wner© 


T2  =  f^C 
«*^  =  *2 


FIGURE  3.9 

LINEAR  LAG  AND  LEAD  NETWORKS 
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Appendix  C 


Analog  Gomgufoer  Circuits 

Amplifier  gains  are  equal  to  1  whan  they  are  not  marked. 


5 0 


25e  >— 5  — > 


a(B>  s  WTB~-rrm~rTj- 


a(B) 


K 

sTi^TTTT) 


FIGURE  20 


ANALOG  COMPUTER  SIMULATION  OF  MINIMUM 


PHAS“ 
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FIGURE  21 

ANALOG  COMPUTER  SIMULATION  OF  NON-MINIMUM  PHASE  PLANT 
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COMPUTER  SIMULATION  OF  HAS 


F46URK  2  V 

A^ALftC  COMPUTffff  SIMULATION  OF  SFAH  FUT2R 
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Appendix  D 


Tables  for  Plant  Perfonaanoe  for  Step  Function  Input 


56 


PERFORMANCE  OF  TYPE  1  PLANT  WITH  K 


TABLE  V 


GGC/EE/66-19 


OGC/EE/66-19 


Appendix  E 


Tabflaa  for  Plant  Parforaanco  for  Ra&p  Fanotlon 
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TABLE  VII 

TYPE  2  PLANT  PERFORMANCE  FOR  RAMP  FUNCTION  INPUT 


Filter 

Ramp  Slope 
(volts/seo. ) 

Steady  State 
Error  (volta) 

Lead-lag 

1.00 

0.00 

SPAN  I 

1.04 

0.07 

SPAN  IX 

1.00 

0.35 

-  r-vmm  f 
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TABUS  Till 

PERFORMANCE  OF  TYPE  1  PLANT  WITH  REAL  POLES 
FOR  A  RAMP  FUNCTION  INPUT 


Ramp  Slop*  Steady  State 
Filter  (volte/aec.)  Error  (volte) 


Lead-lag 


1.0? 


0.75 


SPAN  I 


1.03 


0.50 


SPAN  IX 


1.02 


0.12 
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TABLE  IX 

PERFORMANCE  OF  TYPE  1  PLANT  WITH  COMPLEX  POLES 
FOR  A  RAMP  FUNCTION  INPUT 


Ramp  Slope 

Steady  State 

Filter 

(volts/eeo. ) 

Error  (volte) 

Lead-lag 

1.06 

1.2 

SPAN  Z 

1.01 

2.0 

SPAN  II 


1.07 
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TABLE  X 

NON-MINIMUM  PHASE  PLANT  PERFORMANCE 
FOR  RAMP  FUNCTION  INPUT 


Filter 

1 

Ramp  Slope 
(volts/aeo.) 

Steady  State 
Error  (volte) 

Lead-lag 

1*02 

0.18 

SPAN  I 

1.02 

0.16 

SPAN  II 

1.01 

0.15 
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TABLE  XX 

TYPE  2  PLANT  PERFORMANCE  FOR  SINUSOIDAL  INPUT 


j  Filter 

~ 

Frequency, 
(rad/sec J 

•out 

ii  . . — 

•in 

Phase  Lag 

(degrees; 

Error 

(%  of  input) 

Lead-lag 

0.5 

1.07 

0.0 

1.1 

1.0 

1.10 

0.0 

3.6 

2.0 

1.14 

0.0 

11.4 

5.0 

1.26 

5.8 

37.4 

10.0 

1.48 

5.2 

107.0 

SPAN  I 

0.5 

1.03 

0.0 

2.1 

1.0 

1.04 

0.0 

4.3 

2.0 

1.10 

0.0 

11.9 

5.0 

1.45 

11.6 

109.2 

10.0 

0.57 

12.6 

147.0 

SPAN  II 

0.5 

1.06 

2.4 

8.4 

1.0 

1.07 

0.0 

11.7 

2.0 

1.07 

0.0 

15.4 

5.0 

1.12 

5.8 

78.0 

10.0 

0.78 

11.4 

164.0 

67 
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TABLE  XXX 

VER70RHXMCE  07  TYPE  1  SLANT  VXTtl  REAL  VOLES 


TOR  SHKJSOXBAL  INPUT 


Filter 

Frequency 

(rAd/sea) 

Vfa ase  Lag 
(degrees) 

Error 

{%  of  input) 

0.5 

1.04 

6.7 

16.1 

1.0 

1.17 

10.4 

70.0 

2.0 

1.30 

18.5 

185.0 

5.0 

0.16 

20.8 

117,6 

10.0 

0.02 

28.7 

109.2 

SPAN  X 

0.5 

1.15 

5.7 

37.9 

1.0 

1.92 

10.4 

170.0 

2.0 

0.38 

37.2 

143.0 

5.0 

0.02 

23.2 

104.0 

10.0 

103.0 

STAN  IX 

0.5 

1.07 

3.8 

48.3 

1.0 

1.96 

11.0 

165.4 

2.0 

0.40 

35.5 

141.2 

5.0 

0.03 

24.5 

102.8 

10.0 

102.8 
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TABLE  2CIII 

PERFORMANCE  OF  TYPE  1  PLANT  WITH  COMPLEX  POLES 
FOR  SINUSOIDAL  INPUT 


Filter 

Frequency 

(rad/eec) 

®out 

•in 

Phase  Leg 

jError 

{%  of  Input) 

Lead-lag 

0*5 

0.85 

13.4 

63.2 

1.0 

0.75 

11.5 

87.0 

2.0 

1.74 

24.2 

241.0 

5*0 

0.04 

46.1 

108.0 

10*0 

0.01 

108.0 

SPAN  I 

0.5 

0.7  6 

16.4 

75.6 

1.0 

0.61 

12.0 

96.2 

2.0 

0.80 

30.8 

175.0 

5.0 

0.02 

50.1 

104.4 

10.0 

104.4 

SPAN  II 

0.5 

0.82 

12.6 

9 6.6 

1.0 

0.49 

16.8 

105.3 

2.0 

0.39 

32.3 

138.0 

5.0 

0.01 

47.0 

103.4 

10.0 

102.2 

69 
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TABLE  XIV 

NDN-ftINIMUK  PHASE  PLANT  PERFORMANCE 
FOR  SINUSOIDAL  INPUT 


Filter 


Frequency 

(rad/eeo) 


aout  Phase  Lax 
•in  (degrees; 


Error 

{%  of  input) 


Lead-lag 


SPAN  I 


SPAN  II 


L 


0.5 

1.0 

2.0 

5.0 

10.0 

0.5 

1.0 

2.0 

5.0 

10.0 

0.5 

1.0 

2.0 

5.0 

10.0 


1.10 

1.12 

1.13 

1.13 

1.36 

1.03 

1.02 

1.03 

1.12 

1.27 

1.01 

1.04 

1.02 

1.15 

1.06 


00.0 

2.3 

3.5 
10.4 

6.9 
0.0 
1.2 

2.6 

8.7 

10.9 

.  in . A— m 

1.9 
2.3 
4.6 

10.4 

10.9 


10.0 

19.3 
37.0 
93.0 

171.0 

8.3 

16.9 

40.0 

106.0 

200.0 

7.7 

15.4 
37.2 

102.2 

212.5 


QQC/W66-19 


Appendix  Q 

Effect  of  Oela  Tariailoa  oa  the  BEAK 


t  *7 


i  ■■ ■■ ■ ■ ■ 1 


I  *  a^7a7aiBa«aM*r 
!■■■■■ ■■■■■■■■■ 
laa aaaaaaaBaaa 
laaaaaaaaaaaaa 
laaaaaa aaaaaaal 
laBBBaaaaBBaaaa 


a  a* 


3 


■aaaaaaaaaaaaaaaaaaai  k-.'J 


atfaaaiat  ■  i  laaaa^aaaaaaaaaaaaai  11 
,>aaaaat;aaaBaaaaaaaaaaaaaaaaai  ml 
■  aaaaKaaaaaaaaaaaaaaaaaaaaaaaaiiLl 
a  aaBaBaaiiaiBHBiaaaBBaaaaaanit 
BBa.BBBBBBBaBBBBBBBBBBBBBBBBBBBBI111 

— — — — 1 —  BBiiBBBBBBBBBBiBBBgaBBBBBBBBBBBi:. 
BBBBBB'BaBBBaBBafiBBBBBBBBaaBBB»BBaaflBBBBHBBd 
bbbbbbb«b«*bbbbbbbbbbbbbBbBbbbbi  ggaa 
•■■BaaflBfia«tllli||HBBBfiaBBB|lll8HHiB^^H 


Ibbbbbbbbbb 

Ibbbbbbbbbb 

Ibbbbbbbbbb 

■  BBBBBBBByia 
|BiiaB»BBBB 


■  bI  7  ' 

■Hiibi  i«ji  , 
MHMMHHiiUBiBiinii 
bbbbbbbbbbbbbbbbbbbbbbi  in  i 
bbbbbbBbbbbbBbbbbbbBbbi  in" 

^^^■BBBBBBBBBBBflBBBBBB:M| 


Ibbbbbbbbbbi 

SHbbbbbbbbbi 

■  BBK.BBBBBBI 

Ibbbbbbbbbbi 

|bbbbbbbbb 

Ibbbbbbbbbbi 

|BBBBaBBBBBI 
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Ibbbbbbbbh 
Ibbbbbbbb j 
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BBBBflBgBflB9B^^HBBBBBflBflBBfll  « B BBBBBBBI  T 1 1 
iBflBBflaiBflBHlHHMiBBBBBBBflBiflBBBflBBBBBBBI  II I 
iBBaBBBBaBBBBaaBBflBBBBBBBBBBBBBBBBBBBBBBBBBB-  ll  H 
iBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB -'B 
[BBBaBBBBBBBBBBBBBBfiaBBBaBBBBBBBBBBBBBBBBBBB.Mi  1 

SIlBBaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB^I  1 
HBBaBBBBBBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBiaBB.ill.il 
|BBBBBBBBBBBBBBBBBBBiBBBaaBBflBBBBBBBBBBBBBBB;K'. 

laBfliBBBiBBBBaaBBBBBaBBBBB.BBaBBBBiBfliaBBBBBBaM 
|BBBBB.aBBBBBBBBLtUBBBBaiBBk: JBBBBBBBBb JBBBBBBBI  . 
Ibbbb^wbbbbbbbbbBbbbbbbbbbbbbbbbbbbbbbbbbbbb^1  H 

LaaHaBBBBBBBBBBBBBBrl 

SaBBaaaB^^^^^^MaaBaBBaaSaBBBi  lil’IM 

iBaaaBaaB— — HiiaaaBBaBaBBaaaaBBr-ra 

■  in 

- _.  - JirVi 

■*li 

iiBBBB nl 
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■IBB 
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SI 
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fe(  SR 

o 


Bf  II 


|BB 

HbbH 
IBB*  *1 
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aigaa  aaaaaBBBBB  bbbbSbbb  b b 
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laaa 


■i  aaa 

HMHairiiB 
aaa««'^aiMB 
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BBBBBaBaBBBBBBBBB^Tr^.Mfc.BBBBBBBBBBBBiBBBB^  BBB 
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1**1 

laai 


BBflBBBaBBBBB 


laaaaBBBBBg 

ibbbbbbbbbB 


ibb 


bbbbbbbbbbbbi 

■■MBiBiai 


BBBaBBBBBBBBB 


i 


■S»n»HwwEaPiaBaig»aiBBBaaBil 
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iBaBaaaaaBaaaa  bbbbbbH 
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■■■■■■■■■■■■■■a ■■■■■■■■■■■■■■■■■■■■■■*■■ aaaaa I 
FIaflaflaaflBa«aaBaaaaflBaaaaaaaaBaaaJBa>aaa*'jaaaft| 
[bbbbbbbbbbbbbbbbbbbbbbbBbbbbbbbb^bbbbbBb ibbbb| 


iBBBBBBBBBBBBBBBBBBBBBBBaaBBBBBBat  BBBBBiBllBBBa 
lBBBBBBBBBBBBBBBBBBB"E>>"**">a***L  •■BBBBBI IBBBB 
iHBBRflBBBBBBBBRBRBHBHBRHBBBBBBBHBBilBRR  RBB'VBBBR 
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I— — BBBBB B— ■BBBBBBBBBBBBBBBBB^SBBBBBBBBBBil 

"iii|IB!IBBBflB|^^^^^^^H 

Jhbbbbbhrhhbbrhhbb§ 

■a&BBBBBBBBBaflBBaai 


BBBBBBBB:1^S1BBBBBM1B| 
■■■HBBBB  v  BBRBft.  JBBr 
BBBkvlbBBBIB.IRBa 

■MMIbbbrii  'bbbb'ibbb 

|BBBBBBBBBaBBBBBBBBai"  IBNBBB/BBI 
■  BBBBBBBBBBaBBBaaBBa IBklBBl  1BBB 
BBBBBBaBBBBBBBBBIBBatBBBBI’  ’BBI 
BBaRBBiiflBBBBBBB&flik/aBl "BUBB* 
BBaiBBBBBflBBBBBBaBBBBlBa:a> IBt 
BBBBflBBBBB BBBBB  BRBBBB  BBl'Bk  BBB 
IBBBBBBBBBBBBBBBBBBBBi'flarf  B  BBB 
BBBBBBBBBBBBBBBBBBBBBr  BBkII'  1BI 
aflaBiaflBBBBBBBBBBflBBBaflBBVBBEa 
BBaBBBaBBBBaaBBBaBBfliflBBBr riSi 
BMMHMMHi  B  BBBBB.  BBB  1  iBl 
MaBBBBfi  Bar- -a  *aa 
■bbbbbbjBl:  bk.b  ^Ba 
■BBBBI-T3V4  BBBB  «BB 
BBaBBBBflBBBBBBBBBBBki  *BBB  JBB 
flBBBBBBBBBBBBBBBaiBBBBfl.«WL  IBB 
.  HaBBBBBBBB BBBBB BBaHiBBBBBBBBB  -'BB. 

S|iri|BaBBBiirmBaBaBBPiiBi  nia 
|bF  ’4BBBBRrBBBf  rlBflBBBBBBk'4BBHBPBI.  JR 
aaaanjiiiaaNaaBuuBaBBBaaakJaaaaaaaBij‘jBV’'iaji'  •  Ral 

KM  ■■■  BBBBBBB'BBB Bw B:  « BBB.  >.JB 
^|BBB BBBBBBBBBBB^aBaBaaBBBBBBBB BBBBB BP  ~BBBl  IBB 
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John  A.  Town#  Jr.  mas  bon:  on  6  February  1930  In  Ravenna, 
Nebraska,  the  son  of  John  Tondl  and  Anns  TondO..  After  gnu&u&lng 
fro*.  Schuyler  High  School,  Schuyler,  Nebraska,  in  19U?,  ho  enlisted 
In  tho  United  Stat ma  Air  Force.  While  serving  as  an  enlisted  nan 
from  19h7  to  195b,  his  duties  included  tours  as  an  Instructor  in  both 
the  USA?  Radar  Mechanics  School  and  the  USAF  Radiological  Defense 
School.  He  received  a  coemdssion  as  a  2nd  Lieutenant  in  June  195b 
after  graduating  frca  the  USAF  Officers'  Candidate  School.  From 
195b  to  1957  he  ma  assigned  aa  both  an  instructor  and  liaison  officer 
with  the  Armed  Forces  Special  Weapons  Project.  In  February  I960  he 
received  his  Bachelor  of  Science  In  Electrical  Engineering  from  the 
Uni  versity  of  New  Mexico  where  he  attended  es  an  AFTT  student.  From. 
February  I960  up  to  his  assignment  to  the  Air  Force  Institute  of 
Technology,  he  mas  assigned  in  AFLC  with  duty  stations  at  Oxateauroux 
AS,  France,  end  Klrtland  AFB,  New  Mexico. 
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